We study Sogami's generalized covariant derivative method for a SU(2) L × SU(2) R × U(1) B−L × SU(3) c model that contains bi-doublet and triplet Higgs bosons.
§1. Introduction
Recently, Sogami proposed a method constructing a lagrangian of the standard model with aid of generalized covariant derivatives that contain Higgs fields in addition to gauge fields. 1) Subsequently, Morita studied a way introducing parameters to such a covariant derivative method from a systematic manner; there, he also studied the applicability of Sogami's method to non-gauge theories. 2) Sogami's method has a close relation with the noncommutative geometric (NCG) method for gauge theories proposed by Connes and Lott, 3) to which many reformulations have been tried by authors of many papers 4) because of its unfamiliar geometrical structure. From the viewpoint of practical applications, Sogami's method is more useful than the NCG method; we can apply this method to some models without depending on geometrical concept. 2), 5) In this paper, we study a SU(2) L ×SU(2) R ×U (1) The Higgs potential of our model must be invariant under the Lorentz, gauge and L-R transformations. The most general form of such a potential has a complicated structure.
Fine-tuning of the potential parameters is necessary for the potential to be at a minimum when all the Higgs fields are evaluated at their respective vacuum expectation values (VEV's) that are consistent with certain phenomenology. 6) On the other hand, Sogami's method give rise to some constraints among coupling constants of a gauge-Higgs lagrangian, e. g. some relations between Higgs potential parameters and Yukawa coupling constants. Such constraints among the coupling constants may affect the fine-tuning problem of the L-R symmetric model. From this point of view, we study the minimization conditions of the Higgs potential. We also discuss the consistency among parameter restrictions of our model including restrictions arising from phenomenology of the Higgs boson masses.
In the next section, we construct a L-R symmetric model according to Sogami and Morita's method. In §3, the problem of the fine-tuning is discussed in detail. This section contains the main result of this paper. Section 4 is consisting of three subsections: In 4.1, we discuss the consistency among parameter restrictions apart from Higgs boson mass phenomenology in the first place. In 4.2, we give mass eigenvalues of the Higgs bosons.
We consider in 4.3 the parameter tuning under all the restrictions. Section 5 is devoted to conclusion. §2. SU (2) L × SU (2) R × U (1) B−L × SU (3) c model based on Sogami's method In our SU(2) L × SU(2) R × U(1) B−L × SU(3) c model, lepton and quark fields belong to SU(2) L or SU(2) R doublet according to their chirality; we write each field as
where each component of the quark fields belongs to SU(3) c triplet, and indices i = 1 ∼ 3 denote the generation. These field also have U(1) B−L quantum numbers; B and L denote the baryon and lepton numbers, respectively. We write gauge bosons for the gauge symmetries SU(2) L , SU(2) R , U(1) B−L and SU(3) c as W L µa , W R µa , B µ and G µa , respectively. The Higgs fields of our model are written as
where Φ is bi-doublet of SU(2) L × SU(2) R and ∆ L,R is triplet of SU(2) L,R , each of which has the U(1) B−L quantum number 0, 2 and 2, respectively. These fields transform according to 4) where U L,R (U l B−L ) is a element of the SU(2) (U(1)) transformations acting on the doublet (lepton fields). We use boldface for writing 2 × 2 matrices acting on SU(2) doublet. The L-R transformation, under which the lagrangian of the model must be invariant, is defined by 6) l
5)
To apply Sogami's method to the L-R symmetric model, we use the following representations of fermion fields:
where {γ µ , γ ν } = 2g µν and g µν = diag(1, −1, −1, −1). We define generalized covariant derivatives in our model as operators acting on these fields: 2 . 15) and E = diag(1, iσ 2 , 1, iσ 2 ). * ) In Eqs. (2 . 8) and (2 . 9) , g k=1∼3 are gauge coupling constants of U(1) B−L , SU(2) L,R and SU(3) c , respectively. In Eqs. (2 . 14) and (2 . 15) , h l,q ,h l,q and f are constant matrices that correspond to fermion-Higgs Yukawa coupling constant matrices having generation indices ; h l,q andh l,q must be hermitian for the L-R symmetry of the fermionic part of the lagrangian, which will be defined soon. C l,qij are also constant matrices;
to make our bosonic lagrangian hermitian, we restrict their forms to
17)
where each constituent is real. The gauge transformations of A l,q(k) µ (k = 1 ∼ 3) and A l,q(0)ij are defined by
where
transformations acting on the quark fields.
The fermionic lagrangian density is defined by
Through a integration by parts and assignments of Generalized field strengths are defined by
where we have omitted the matrix indices representing the generation. The concrete forms of them are given in Appendix B.
Now, let us consider a requirement proposed by Morita. 2) He required that generalized field strengths must vanish when all Higgs fields and gauge coupling constants g k are set respectively to their VEV's and zero. The VEV's of the Higgs fields in our model are
With this VEV's, the requirement lead to
30)
Since these restrictions on the VEV's are inconsistent with a phenomenological restriction 6), 7) |v L | ≪ |ǫ 1,2 | ≪ |v R |, (2 . 31) we can not employ the requirement in the L-R symmetric model.
UsingF l,q µν , we define our bosonic lagrangian density as
where T r denotes the trace with respect to all matrix indices and t = (S, V, A, T, P ) corre- 
where we do not require the positivity of these parameters. In the construction of L B , for generality, we have add several terms of σ µνF X µν , which have an effect on the Higgs potential.
To obtain correct coefficients of kinetic terms of the gauge and Higgs fields, we require the following conditions: 
Non-zero coefficients are expressed in terms of the Yukawa coupling constants and several parameters introduced in the construction of L B . We give them in Appendix C. Our Higgs potential also contains a constant term that is excluded in Eq. (A . 6). §3. Fine-tuning problem
First we review a fine-tuning problem of the L-R symmetric model, which is derived from a minimization condition of the Higgs potential and a phenomenological restriction on the VEV's of the Higgs fields. In general, if we choose α 2 , which is the only complex coupling in the general Higgs potential, to be real, we can make all the VEV's of the Higgs fields to be real. (The same is true in our case, since we have obtained α 2 = 0.) In this case we obtain four non-trivial first derivative conditions, Eqs. (D . 1)∼ (D . 4), that determine a minimal point of the potential. 6) It is known that a serious problem comes from Eq. (D . 4), which can be rewritten as
where β i 's and ρ i 's are quartic Higgs self-coupling constants. If we set m W R to ≃ 1.4TeV as a mass in an experimentally accessible energy range in the near future, 6) the value of the right-hand side of this equation is restricted to
where inequality (3 . 5) arise from a experimental limit on the neutrinoless double-β decay. 6), 8) Substituting Eq. (3 . 1) into (3 . 2) , we obtain a restriction on the Higgs self-coupling constants and the Yukawa coupling constants:
Barring a highly tuned cancellation, this restriction requires both ρ 1 , ρ 3 ≫ β 1 , β 2 , β 3 and 2f 2 1 ≫ h 2 D1 ; such hierarchical choices of the coupling constants are unnatural. On the other hand, in our model, β i 's and ρ i 's are expressed in terms of the Yukawa coupling constants and several parameters introduced in L B . If we assume the following conditions:
δ l,q P a = δ l,q Aa ≡ δ l,q a 1 g ,δ l,q P a =δ l,q Aa ≡δ l,q a 1 g , (a = 1, 2) (3 . 7)
where 1 g denote the unit of the matrices for the generation indices and δ l,q a andδ l,q a are constant numbers, we obtain
This equation means that in our model, Eqs. (3 . 1) and (3 . 2) yield a restriction on Yukawa coupling constants:
Therefore, under simple conditions of Eq. (3 . 7), the fine-tuning of the Higgs self-coupling constants is reduced to the tuning of the Yukawa coupling constants: this is the main result 8 of this paper. Note that the first and second term of the left-hand side of Eq. (3 . 9) have the same structure as each other, i. e. (h l i ) 2 /(f i ) 2 , roughly speaking. Barring a highly tuned cancellation, this inequality requires f i ≫ h l i ,h l i . As we shall discuss later on, such a relation among the Yukawa coupling constants is a condition to give a heavy mass of the right-handed neutrino. §4. Consistency of restrictions and Higgs boson masses
First derivative conditions and normalization conditions
In the previous section, we have analyzed an only first derivative condition, Eq. (D . 4).
Usually remaining first derivative conditions, Eqs. (D . 1) ∼ (D . 3), are regarded as that they determine quadratic Higgs self-coupling constants µ 1 , µ 2 and µ 3 . 6) In our model, however, we must be more careful to use these conditions since the quadratic coupling constants are functions of the Yukawa coupling constants and the parameters introduced in L B . In addition to the first derivative conditions, we also have five conditions, Eqs. (2 . 38) ∼ (2 . 42), to normalize the kinetic terms of the gauge and Higgs fields. Furthermore, phenomenology of the Higgs boson masses will add several restrictions on the parameters of our model. In this subsection, first, we check the consistency among the parameter restrictions derived from the first derivative conditions and normalization conditions. Equations (D . 1) and (D . 3) of first derivative conditions lead to complicated relations among many parameters containing η l,q a (a = 1 ∼ 4) and C l,q L,R A,P . (See Eqs. (D . 5) and (D . 6).) We can use them to determine η l 4 and η q 4 since there are no more restrictions on these two parameters. On the other hand, with Eq. (3 . 2), Eq. (D . 2) lead to
where . 42), we obtain the following independent restrictions:
where θ W is the Weinberg angle defined by g 2 1 /g 2 2 = sin 2 θ W /cos2θ W for the L-R symmetric model. 7) Now, we have obtained new six restrictions, Eqs. (4 . 1) ∼ (4 . 6) in addition to Eq. (3 . 9). The last three equations (4 . 4) ∼ (4 . 6) can be used to determined κ, β and (g 3 /g 2 ) 2 , respectively, each of which is not contained in any other restrictions. * ) Moreover, Eqs. (4 . 2) and (4 . 3) can be used to determine α/κ and l 2 ; we shall eliminate these two parameters from the other restrictions. Thus remaining restrictions are Eqs. (3 . 9) and (4 . 1), under which we shall determine the independent parameters l 1 , q 1 and q 2 and Yukawa coupling constants. Here we note that (g 3 /g 2 ) 2 can be determined by the Weinberg angle. Substituting Eq. (4 . 2) into Eq. (4 . 6), we obtain
This means that (g 3 /g 2 ) 2 is negative for the experimental value sin 2 θ W ≃ 0.232. Even if we discard the conditions of Eq. (3 . 7), the sign will not change; we require sin 2 θ W > 0.25 for a positive (g 3 /g 2 ) 2 .
Before we determine independent parameters and Yukawa coupling constants, let us decrease the independent numbers of Yukawa coupling constants using fermion mass expressions and their experimental values. For this purpose, in advance, we consider a condition of the Yukawa coupling constants ensuring validity of Eqs. (3 . 9) and (4 . 1). Note that unless there are highly tuned cancellations in the l.h.s.'s of Eqs. (3 . 9) and (4 . 1), these equations may be satisfied in such a way: f i ≫ h l,q i ,h l,q i and h l i −h l i ≃ 0. Thus, in this subsection, we assume that h l i 's andh l i are diagonal matrices satisfying 
Owing to Eqs. (4 . 8) and (4 . 10) , the independent Yukawa coupling constant among h l 3 ,h l 3 , h q 3 andh q 3 is only one; we choose h l 3 as the constant. Now, let us consider parameter regions of l 1 , q 1 and q 2 and the Yukawa coupling constants.
First, we rewrite Eqs. (3 . 9) and (4 . 1) in terms of the independent parameters by using Eqs. (4 . 2) and (4 . 3) in the forms of
where we have used a numerical value sin 2 θ W ≃ 0.232 with the first significant digits. By assuming the third generation dominance in f and that each term in the l.h.s.'s of Eqs. (3 . 9) and (4 . 1) is the order of 10 −8 , we obtain
for a region of 6q 2 − q 1 ≪ 10 3 . Equation (4 . 13) gives a lower bound of m ν 3 R /m W R because of the relation 9) e. g. 10 13 GeV, we will obtain O(x) ∼ 10 −23 from Eq. 
Higgs boson masses
Under the first derivative conditions and normalization conditions, we could determine the parameters of our model without fine-tuning by setting the right-handed tau neutrino mass to be sufficiently heavy. In this subsection, we give expressions of the Higgs boson masses, and in the next subsection, we consider tuning of parameters taking phenomenology of the Higgs boson masses into account.
To obtain expressions of the Higgs boson masses, we use the general forms of mass square matrices M Re , M Im , M + and M ++ given in Appendix of Ref . 6), which correspond to each basis {φ 0r 
17)
M Im : m 2 H , 0, 0, 0, (4 . 18)
These expressions are only leading terms obtained under the third generation dominance in the Yukawa coupling matrices and several conditions mentioned below. Firstly, we have used Eq (2 . 31). In particular, we have set v L to zero in M Re before calculation of its eigenvalues. We have also dropped a term proportional to v L in the expression of m 2 + . Secondly, we have used inequalities
(4 . 26) * ) We have used definitions such as φ 0 1 = (φ 0r 1 + iφ 0i 1 )/ √ 2. * * ) We derived these results with the aid of MATHEMATICA.
These inequalities are understood in terms of the concrete expressions of each parameter given in Appendix C: under the condition of Eq. (3 . 7), they reduce to
If we choose appropriate values for αq 1 +12κq 2 and undetermined parameters η l,q a (a = 1 ∼ 3), these expressions explain the inequalities (4 . 26) except the reason for the most smallness of α 3 because of Eqs. (4 . 10) and (4 . 13) . The most smallness of α 3 in the inequalities (4 . 26) is derived from a condition that makes Eq. (4 . 1) hold; the condition of Eq. (4 . 8) lead to α 3 = 0. Since the vanishing α 3 give rise to unpleasant results m 2 Re1 = m 2 + = 0, we modify Eq.
to obtain non-zero α 3 with the inequalities (4 . 26). In this case, Eqs. (3 . 9) and (4 . 1) yield (h l 3 ) 2 /(h l 3 ) 2 − 1 ∼ O(10 −9 ) together with Eq. (4 . 13); the small difference between h l andh l does not affect the analyses that we have done using Eq. (4 . 8) in the previous subsection.
Finally, to obtain the expression of Eq. (4 . 25) from the result of calculation of m 2 Re2 , we have chosen η l,q a (a = 1 ∼ 3) so that Eq. (4 . 10) kept the dominance of a term proportional to (h q 3 ) 4 in the expression of m 2 Re2 .
Higgs boson masses and parameter tuning
We can reduce each mass expression of Eqs. (4 . 21) ∼ (4 . 25) to
by using Eqs. (4 . 9), (4 . 10), * ) (4 . 32) and (E . 1) ∼ (E . 7). With the phenomenology of the Higgs boson masses given in the following, these expressions lead to several restrictions on the independent parameters l 1 , q 1 , q 2 , x and η l,q a (a = 1 ∼ 3). Firstly, m Re1 ∼ > 10TeV is necessary for the suppression of the effect of flavor-changing neutral currents (FCNC's) of quarks since the eigen state of m 2 Re1 , (ǫ 1 φ 0r 2 − ǫ 2 φ 0r 1 )/ǫ + , can couple to them. 6), 10) Therefore, with m 4 e 3 /m 2 W L ≃ 1.6 × 10 −3 (GeV) 2 , Eq. (4 . 33) lead to
Substituting Eqs. (4 . 4) , (4 . 11) and (4 . 12) into this inequality, we obtain a new restriction: Thirdly, from Eqs. (4 . 35) and (4 . 36), we can obtain two restrictions on η l,q a (a = 1 ∼ 3). We shall consider those restrictions after consideration of tuning of l 1 , q 1 , q 2 and x. Now, let us consider the tuning of l 1 , q 1 , q 2 and x under all the restrictions, Eqs. (4 . 13), (4 . 14) , (4 . 38) and (4 . 40) . Equations (4 . 13) and (4 . 40) yields the following range of x: The small difference between 6q 2 and q 1 is important since it determines the mass of the FCNC coupling Higgs boson m Re1 (6q 2 − q 1 → 0 corresponds to m Re1 → ∞.); such a choice of q 1 and q 2 is fine-tuning.
Finally, let us tune η l,q a (a = 1 ∼ 3) in Eqs. (4 . 35) and (4 . 36) . We can show that each eigen state ofm 2 H and m 2 Re2 is a combination of (ǫ 1 φ 0r 1 + ǫ 2 φ 0r 2 )/ǫ + and δ 0r R . The state (ǫ 1 φ 0r 1 + ǫ 2 φ 0r 2 )/ǫ + is an analogue of the standard model Higgs boson state 6) and is dominant over the eigen state of m 2
Re2 . Thus, we should put m Re2 ∼ O(10 2 GeV). (4 . 46) On the other hand, by using Eqs. (4 . 4) , (4 . 11) , (4 . 12) and (4 . 43) ∼ (4 . 45), we obtain 10 9 ). (4 . 36) . As a possible tuning, we put ; this means the necessity of fine-tuning of η l,q a (a = 1 ∼ 3). Now, two of zero eigenvalue states of M + and M Im are corresponding to Nambu-Goldstone bosons 6) coming from gauge symmetry breaking, respectively; however, one more zero eigenvalue state of M Im belongs to the physical Higgs bosons. Exclusion of such a massless Higgs boson and the fine-tuning such as Eqs. (4 . 43) ∼ (4 . 45) and (4 . 53) are remaining problems, which should be solved in the future. * ) If respective values of g 2 2 (αl 1 + 12κl 2 ), g 2 2 (αq 1 + 12κq 2 ) and η l,q a (a = 1 ∼ 3) are the same orders as each other, inequalties (4 . 26) hold and the expression of Eq. (4 . 25) is valid. Eqs. (4 . 37), (4 . 47), (4 . 48) ∼ (4 . 50) allow such values for them.
§5. Conclusion
We have studied an application of Sogami's generalized covariant derivative method to a SU(2) L × SU(2) R × U(1) B−L × SU(3) c model, and the minimization condition of the Higgs potential are discussed in detail within the framework of classical theory.
We have shown that a restriction, which has been known as the restriction requiring finetuning of Higgs-self-coupling constants, can be reduced to a condition of Yukawa coupling constants giving a heavy mass of the right-handed tau neutrino. We have also discuss the consistency among the parameter restriction derived from the first derivative conditions and the normalization conditions for kinetic terms. Then by setting the mass of the righthanded tau neutrino to be sufficiently heavy, we could determine those parameters without fine-tuning.
However, we have encountered the following problems: firstly, the normalization conditions of the kinetic terms of gauge fields give rise to sin 2 θ W > 0.25 because of (g 3 /g 2 ) 2 > 0. The second is the problem of Higgs-boson masses: if we try to assign the order of ∼ > 10TeV and 10 2 GeV, respectively to the masses of a FCNC Higgs boson and the analogue of the standard model Higgs boson, we will need fine-tuning. Thirdly, after the tuning of parameters, there still remains a massless neutral Higgs boson. This massless Higgs boson can be understood in the following sense: Excepting the Yukawa interaction term L Y , our lagrangian has a global U(1) symmetry such as Φ → e iθ Φ. A breaking of this symmetry by the non-zero VEV's of Φ lead to a NG boson in the L Y -excepted system. Since the presence of L Y does not affect the Higgs boson masses in the tree level, such a zero mass sta! te will appear in the full lagrang ian system too.
We also note that the renomalizability of our model is not trivial since our Higgs potential lacks several terms allowed by the symmetry and some coupling constants are not independent of each other. 11) Those problems should be discussed in a future work.
Appendix A

General form of the lagrangian density
We write down the explicit form of the general lagrangian density for the L-R symmetric SU(2) L × SU(2) R × U(1) B−L × SU(3) c model. The lagrangian density for fermion fields is
† . Each of f g , h l,q g andh l,q g is a Yukawa coupling matrix. For simplicity, we have omitted matrix indices representing the generation. The lagrangian density for boson fields is
and F B µν , F L,R µν and G µν are field strengths of B µ , W L,R µ and G µ , respectively. V general is the most general Higgs potential of this model consisting of linearly independent terms: according to Ref. 6), we write this as
Here the coefficients other than α 2 are real.
Appendix B
Generalized field strengths
We give generalized field strengths of our model. With decomposition such aš
Appendix C
Higgs self-coupling constants
We write down non-vanishing Higgs self-coupling constants of our model.
A2h l fδ l P 2 } (C . 9)
κtr(f h l δ l P 2 f †hlδl A2 + f h lδl P 2 f †hl δ l A2 +h l fδ l P 2 h l f † δ l A2 +h l f δ l P 2 h l f †δl A2 ) (C . 10)
Appendix D
First derivative conditions
On condition that all the VEV's of the Higgs fields are real, first derivative conditions of the minimization of V general are 6) 
where we have used Eq. (2 . 27) and the definitions such as h l,q i = (h l,q ) ii with ignoring the generation mixing. The masses of charged gauge boson W L,R are evaluated from L general :
